In the 1970s, Isaacs conjectured that there should be a logarithmic bound for the length of solvability of a p-group G with respect to the number of different irreducible character degrees of G. So far, there are just a few partial results for this conjecture. In this note, we say that a pro-p group G has property (I) if there is a real number D = D(G) that just depends on G such that for any open normal subgroup N , dl(G/N ) log 2 |cd(G/N )| + D. We prove that any p-adic analytic pro-p group has property (I). We also study the first congruence subgroup G of a classical Chevalley group G with respect to the local ring F p JtK. We show that if Lie(G)(F p ) has a non-degenerated Killing form, then G has property (I).
Introduction and statements of results
In 1930s Taketa has shown that if G is a monomial group, then it is solvable and dl(G) |cd(G)| (see [Is94] or [Hu98] ). In the 1970s Isaacs asked two questions regarding this inequality. First, he asked if the same inequality holds for any solvable group. Second, he asked if there is a logarithmic bound for dl(G) with respect to |cd(G)| when G is a p-group. Though both of these question are still open, there are more success in the first one. Gluck [Gl85] has proved that dl(G) 2|cd(G)| and Berger [Be76] proved the conjecture for groups having odd order. For the second question, it is a common believe that the answer should be affirmative even for any solvable group. A lot of work has recently been done in this direction by T. Keller [K99(I),K99(II), K02] , and he has almost shown that if Isaacs' original problem has an affirmative answer, then there is an affirmative answer to the question for any solvable group. However, in the case of p-groups, there are just a few partial results. For instance, M. Slattery [Sl89] improved Taketa's inequality just by 1 when cd(G) = {1, p, . . . , p n }. A. Moretó [Mo03] has recently studied p-groups whose set of character degrees consists of two parts A and B such that A = {1, p, . . . , p n } and any element of B is bigger than p 2n . He shows that for some absolute constants E 1 and E 2 , dl(G) E 1 log n + |B| + E 2 . This result gives a logarithmic bound if |B| has an upper bound, and in particular when B is empty. Nevertheless, the general case is far from to be solved.
In this note, we are going to attack this problem via pro-p groups. We say a pro-p group has property (I) if its finite quotients satisfy Isaacs We will prove the following results:
Theorem A. Any p-adic analytic pro-p group has property (I).

Theorem B. Let G = ker(G(F p JtK) → G(F p )), where G is a classical Chevalley group.
Then G has property (I) if p > 2, 3 does not divide n + 1 when G is of type A n or C n ; 2n − 1 when G is of type B n or n − 1 when G is of type D n .
In order to prove Theorem A, we use Howe's Kirillov theory for compact p-adic analytic groups, and show dl(G/G n ) log 2 |cd(G/G n )| + 3 for any uniform group G with dimensional subgroups G n . Then, in order to get to any open normal subgroup N , we start with uniform groups with Q p -simple Lie algebra and prove that for these groups, one can find f = f (G) that just depends on G, such that G n+f ⊂ N ⊆ G n , for some n. This information gives us property (I) for these kind of uniform groups. Then we prove property (I) for "semisimple" case and finally for the general case.
The second part of this note is devoted to the proof of Theorem B. For F p JtK-analytic groups there is no analogue of Kirillov theory, as Howe extensively used Baker-CampbellHausdorff formula, which is meaningless in the positive characteristic. So in this case we will work with a finite analogue of the adjoint action, and use Clifford's correspondence to get different irreducible character degrees. We show that dl(G/G n ) log 2 |cd(G/G n )| + 3 where G n is the nth congruence subgroup. Finally by a result of Shalev, we control any open normal subgroup of G, by congruence subgroups, and get the result.
Notation and background
Notation
Throughout this note, we will use the following notation:
|X|:
the number of elements of the set X; dl(G): length of solvability of the solvable group G; Irr(G): the set of continuous irreducible complex characters of G; cd(G) := {χ(1) | χ ∈ Irr(G)}.
Let G be a group, N G, χ ∈ Irr(G), and ν ∈ Irr(N ).
the restriction of χ on N ;
Character theory
We will essentially use the following two well-known theorems from the character theory of finite groups.
Theorem 2.1 [Hu98, p. 253] . Let G be a finite group, N P G, ν ∈ Irr(N ), and χ ∈ Irr(G). Assume that χ N , ν = e > 0 and [G :
Theorem 2.2 [Is94] . Let G be a finite group, N P G, and ν ∈ Irr(N ).
Pro-p groups
In the first half of this note, we will work with p-adic analytic pro-p groups. We recall some of the definitions, interested reader may find [DSMS99] 
where G p k is the group generated by g p k . A torsion free k-powerful pro-p group is called k-uniform and a uniform group is a 1-uniform if p = 2 and 2-uniform if p = 2. It is well known that if G is a uniform group, we can associate a Z p -Lie algebra L G with G. In fact, this algebra can be identified by G as a set and the Lie operations are defined by
and is called powerful if it is 1-powerful (2-powerful) when p = 2 (p = 2).
Let G be a pro-p group and H G. One says that H is powerfully embedded in G if 
Howe's Kirillov theory
In the 1970s, R. Howe [Ho77] developed Kirillov theory of compact p-adic analytic groups. He did not go to details for the case of characteristic 2. Recently, A. JaikinZapirain [JZ04] used Howe's correspondence to study the zeta function of irreducible characters of a FAb compact p-adic analytic group. He also studied the case of characteristic two. We follow his work.
If G is a uniform group, as we saw L G can be identified by G as a set, and so G can act on L G by group conjugation. We call it adjoint action of G. G also acts on Irr(L G ) via the adjoint action. If Ω ⊆ G, we define
Lemma 2.7 [Ho77] . Let G be a uniform group and ω ∈ Irr(G); then
Theorem 2.8 [Ho77] . Let G be a uniform pro-p group with p > 2 and Ω be a G-orbit in Irr(L G ). Then Φ Ω ∈ Irr(G) and all irreducible characters of G have this form.
Theorem 2.9 [JZ04] . Let G be a uniform pro-2 group. Then there exists a bijection f between Irr(G) and
Combining these two theorems, we have the following corollary:
Corollary 2.10. Let G be a uniform group and G n = G p n−1 . Then
Uniform groups with simple Q p -Lie algebras
We shall start with uniform groups. One can easily see the following remark.
Remark 3.1.
(i) dl(G/G n ) log 2 (n) + 1 if G is a finitely generated pro-p group and {G n } is an Nsequence. (ii) If G is a uniform group with simple Q p -Lie algebra and G n = G p n−1 for any natural number n, then
The lower bound in the second part of the remark is a consequence of Shalev's result [Sh93] about powerful groups, which says if M and N are powerfully embedded in G, then
Now, we are going to find different irreducible character degrees of G/G n . By Corollary 2.10, we know that in order to get different character degrees, we need to find different orbit sizes in Irr(L G /p n L G ). The following remark tells us when an orbit in Irr(L G ) is interesting for us.
Remark 3.2.
(i) In the above setting, ker(
, where θ is a p n -th root of unity and a is in
In fact, using Remark 3.2, G n ⊆ ker(Φ Ω ) if and only if Ω is a G-orbit of a character in the form θ a (u) , where θ is a p n−1 -th root of unity and a is in L * G . Hence Irr(L G ) has an element of order p n−1 , say ω, whose G-orbit gives us an irreducible character of G/G n .
On the other hand, one can find a p n -th root of unity θ and a
Using Remark 3.2 and Lemma 3.3, one can get the following corollary.
Corollary 3.4. Let G be a uniform group. Then for any natural number n,
Proof. Let s be the largest natural number for which
would not be a subset of p s+1 Z p , and let ω(x) = θ a(x) where θ is a primitive p n−1 -th root of unity. Thus by the Lemmas 3.3 and 2.7, if n > s − 1,
By the above corollary, we have a good understanding about the quotients of G by the dimensional subgroups. So if one controls any normal open subgroup of G by the dimensional subgroups, we can get property (I).
We show that one has such a control if L G ⊗ Z p Q p is a simple Lie algebra. It is a known result. It can be seen as a corollary of [KLGP97, Theorem III.12] and [ LGM, Exercise 12.1(4)]. However, we could not find the following setting in the literature. Even Y. Barnea and R. Guralnick [BG02] showed this for G = SL 1 n (Z p ) for odd prime p or n > 2, and asked for a proof depending on powerful subgroups which also works for the remaining case. Since our proof is different and fairly short, we will write it here: Lemma 3.5. Let F be a non-Archimedean local field, O be its valuation ring, and π be a uniformizing element. 
Proof. (This
short proof is suggested to us by the referee.) By the contrary, assume that for any i we may find ai ∈ L \ πL such that |L/ideal(a i )| > i. Since L \ πLis compact, without lose of generality, we may assume that ai converges to a ∈ L \ πL. Because of the simpleness of L F , L/ideal(a) is finite. Hence ideal(a) contains π k L for some k. On the other hand, a ≡ a i (mod π k+1 L), for large enough i, say i > i 0 . Thus π k L ⊆ ideal(a) = ideal(a i ) + π k+1 L for i > i 0 . Now by induction on s, it is easy to see that π k L ⊆ ideal(a i ) + π s L for any natural number s. Therefore ideal(a i ) contains π k L for i > i 0 ,) p −2k ∈ [N ∩ W, W ] ⊆ N ∩ W and so [n, w] ∈ L N∩W , which means that L N∩W is an ideal of L W . Let n be the largest non-negative integer such that L N∩W ⊆ p n L W . Therefore p −n L N∩W ¡ L W and p −n L N∩W ∩ (L W \ pL W ) is non-empty. Therefore by Lemma 3.5, |L W /p −n L N∩W | C where C is independent of N . So there is c = c(W ) such that p c L W ⊆ p −n L N∩W ⊆ L W . Thus W p n+c ⊆ N ∩ W ⊆ W p n . On the other hand, W ¡ o G and so there is an integer s such that G p s ⊆ W . Thus N p s = n p s | n ∈ N ⊆ N ∩ W ⊆ W p n ⊆ G p n and G p n+c+s ⊆ N ⊆ G p n−s and −n + s + (n + c + s) = c + 2s = f (G) just depends on G. P
Lemma 3.7. Let G be a uniform group with simple Q p -Lie algebra; then G has property (I).
Proof. By Lemma 3.6, there is f = f (G) such that for any normal open subgroup N of G, we can find n such that G n+f ⊂ N ⊆ G n . Thus by Lemma 3.3, 
On the other hand, dl(G/N) dl(G/H ) + dl(H /N ∩ H ). Therefore dl(G/N) log 2 cd(H /N ∩ H ) + D H + dl(G/H ).
Using Theorem 2.1,
which finishes the proof in this case.
For an arbitrary open subgroup, it suffices to note that any such subgroup is subnormal. P ker(ρ).
Lemma 4.2. Let G 1 , . . . , G k be pro-p groups with property (I). Then
(
ii) ρ ∈ Irr(G) if and only if
Using three parts of the above remark,
where
, and
Clearly N u i /N l i is an Abelian group. Therefore
On the other hand 
Proof. By our assumption
as we claimed. P Proof of Theorem A. By Lemmas 4.1 and 4.5, and the fact that any finite-rank pro-p group has an open uniform group, we can conclude the result. P
Proof of Theorem B
In this chapter, we are going to prove that the first congruence subgroup of a classical Chevalley groups over F p JtK in most of the cases has property (I). In this section p is always a prime number, and we will use the following embedding ( †) of classical Chevalley groups and their Lie algebras:
and its Lie algebra is {x ∈ gl l+1 | tr(x) = 0}. (B l ) {g ∈ GL 2l+1 | gsg t = s} and its Lie algebra is {x ∈ gl 2l+1 | xs = −sx t }, where
(C l ) {g ∈ GL 2l | gsg t = s} and its Lie algebra is {x ∈ gl 2l | xs = −sx t }, where
(D l ) {g ∈ GL 2l | gsg t = s} and its Lie algebra is {x ∈ gl 2l | xs = −sx t }, where
Let us set a few notations. Let O = F p JtK and
) be the kth congruence subgroup. G = G 1 acts on:
• G n /G 2n by conjugation, i.e., g hG 2n = ghg −1 G 2n ;
by the action induced by the adjoint action (we will denote it again by Ad(g)); and
, O) by the action induced by the adjoint action, i.e., for any
Now, let us recall a few well-known or easy statements as a remark.
Remark 5.1.
(i) For any positive numbers m and n,
Quick look at some of the items. Items (i), (iii), and (iv) are well-known. Item (ii) can be shown directly from the definition of Lie algebra of an affine algebraic group. Using (ii), one can get the following map:
between G n /G 2n and g(O)/t n g(O), which is clearly a G-module isomorphism. Item (vi) is an easy consequence of (v). Proof of item (vii) is based on the fact that Killing form of g(F p ) is non-degenerated. Let k be the Killing form of g(F p ). For any x ∈ g(F p ), let x * be an element of g(F p ) * defined by x * (y) = k(x, y). Since k is non-degenerated, the map which sends x to x * is a bijective map from g(F p ) to g(F p ) * . On the other hand, Proof. Let us start with setting a notation. To any monic polynomial of degree n, say q(T ) = T n + a n−1 T n−1 + · · · + a 0 , we relate the n by n matrix
From elementary linear algebra, the characteristic polynomial of A q is equal to q. Now we provide the x claimed in the lemma for each type separately.
Type A n : q(T ) = T n+1 − 1 has different roots since p n + 1, and so x = A q provides our claim. Type B n : For this type we need a polynomial q(T ) which has different non-zero roots and does not have a common root with q(−T ). We know that F * p n the multiplicative group of the finite field F p n is a cyclic group. Let α be a generator of F * p n . It is a well-known fact that Gal(F p n /F p ) is a cyclic group generated by the Frobenius map a → a p . Hence q(T )
is a polynomial with coefficients in F p . It is easy to see that q(T ) has the properties we are interested in. Now, 
= x} is an F p -torus which splits over F p n , and so k(y 1 , y 2 ) = 0 for any y 1 , y 2 ∈ C g (x) = {y ∈ g | [y, x] = 0} where k is the Killing form of g.
Proof.
Let x be the regular element provided by Lemma 5.2. Then clearly C G (x) is defined over F p (see [Bo97, p. 130] ), and x is diagonalizable over F p n . Since x has different eigenvalues,
=x} is the set of diagonal elements over R, where R is any F p n -algebra, andx is a conjugate of x which is diagonal. Thus C g (x) is a Cartan subalgebra of g. On the other hand, since x is semisimple, Lie(C G (x)) = C g (x) (see [Bo97, p. 130] ). Hence C G (x) contains a maximal torus. Therefore C G (x) is a maximal torus since in a reductive group C G (T) = (T) where T is a maximal torus. Also by the previous argument, it is F p n -isomorphic to a subgroup of D k , which means it is F p n -split.
In order to see the second part, it is enough to write the root system of g with respect to C g (x) and note that if α is a root, so is −α. P Now let us recall that there is a quite generalization of Hensel's lemma for schemes which can be found in the work of Nèron [Ne64] . We need a very easy case of it which can be proved with the same method as the Hensel's lemma itself. Before going to the proof of Theorem B in the general case, we will show it for quotients of G by the congruence subgroups G n 's.
Theorem 5.5. For any natural number
Proof. Lemma 5.3 provides us x ∈ g(F p ) for which C G (x) is an F p -torus. Letx be an
By Remark 5.1(vi), we can get ν ∈ Irr(G n /G 2n ) which is corresponded tox.
First
Step. g ν = ν if and only if Ad(g) * (x * ) ≡ x * (mod t n ).
Proof. By Remark 5.1(vi) and the way we chose ν, g ν = ν if and only if Ad(g)
and all of them are F p -linear maps. Thus 
